Digital Image Processing

!'_ Fourier Transform

Instructor: Chen Yisong
HCI & Multimedia Lab, Peking University



Let’s start from guantum physics

+

= wave-particle duality of light(Gt AL % 1'F)
= In physics and chemistry, wave—particle duality is the
concept that all matter exhibits both wave-like and
particle-like properties. (Wikipedia )
o — VI [R] I H 28U e 5 SO T R R o
= Digital image...... Q IS No exception

= Particle: a local point of view
= Wave: a global point of view



Orthonormal Basis (H5iff 1IEA2 )

U= (1,0) =1
P j=on |l

x1

V=(X,x,) Vax.d+x,J3:<V,i>[I+<V,]>]]

Vi=(x.1+x,.))0=x.14+x,.0=x,
V. =(x.1+x,.]).)=x.0+x,.1=x,

All 2D vectors can be seen as the linear combination of i and |

How to compute the coefficients of the linear combination?



Spatial orthonormal basis for
digital image

. [l
o[ololo * |b)|=1

—

To[0[0]o] ~
olclolo lf ool + < by, by >=0
2 * These 16 blocks build the orthonormal
Lolololo .... bases of the 16-space for a 4*4 image.
oo o ol oo oiolo
[0lololo
[0[0]0]0 ]| 14|255| 25 | 33
201 198 66 |101
9 1188| 85 |85
161 27| 7 |73

14b,+ 255b,+ 25b,+ 33b,+
201b.+ 198bg+ 66b,+ 101bg+
9by+ 188b,,+ 85b,,+ 85b,,+
161b, 4+ 27b,,+ 7b,c+ 73D,



i Signal decomposition to bases

= Vision: decomposition in spatial domain
= Hearing: decomposition in frequency domain




ié/L Sound Waves:
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Frequency orthonormal basis for
digital image

 Ibl=1

* These 25 blocks build the frequency
orthonormal bases for a 5*5 image.

14/255| 25 | 33 |200 ~
201 198 66 |101| 76
9|188| 85|85 | 42
161 27| 7 |73 | 99|
153 40|22 [113] 10 @

()b +()by+() by+( )b,+( )bs+( )bg+( ) by+()bg+( )bg+( )byo+( )by +( )by +( )b+
()b ()bt ()b +() by )bg+()byg+()byp+ ( by +( )by +() byg+( )by, +( )by



Fourier Transform({# v/ M- 4% )

+

= Basic ideas: AVAVAVAVAVAVAVAVAVAYAVAL
. A periodic function can be VAVAVAVAVAVAN

represented by the sum of sines
functions of different frequencies,
multiplied by a different coefficient.

> Non-periodic functions can also be
represented as the integral of
sines/cosines multiplied by
weighing function.




Joseph Fourier
$(1768—1830)

Fourier was obsessed
with the physics of
heat and developed
the Fourier transform
theory to model heat-
flow problems.




Fourier transform

ibasis functions

Approximating a
sguare wave as the
sum of sine waves.



even and an odd function

| Any function can be written as the sum of an

An arbitrary f(x)
function /_/

T L X




Fourier Cosine Series

ecause cos(/m?) is an even function, we can write an even
function, f(1), as:

it = %Z F_cos(mt)

m=0

where series £, I1s computed as

V3

F = I f(¢t) cos(mt) dt

Here we suppose 7(%) is over the interval (— =, 7).




Fourier Sine Series

Because sin(/mf) is an odd function, we can write
any odd function, f{(?), as:

o0

f() = —IZ F! sin(mt)
T

m=0

where the series £’ IS computed as

Fo— j £(t) sin(me) dt



Fourier Series

So If f{¥) Is a general function, neither even nor
odd, it can be written:

Even component Odd component

F = I f(t)cos(mt)y dt ~ F' = I £(¢) sin(mt) dt



The Inner Product: a Measure
Similarity

¢ similarity between functions f and g on the interval (-/1 /2,41 2)

can be defined by
A2

(f.g)= [ flt)g (t)dr
-A/2

where g*(t) 1s the complex conjugate of g(t).
This number, called the inner product of f and g, can also be
thought of as the amount of g in f or as the projection of f onto g.

If / and g have the same energy, then their inner product is
maximal if f = g. On the other hand 1f < 1, g> =0,then fand g

have nothing in common.



Inner Products

(1]

_ I L L I
0 100 200 300 400 500 600 700

Graph of f

a function, f I

(1), gin), f{tain)

Graphs of 1, g, and fg

pointwise product f(t)g(t) I

L L
B0OO 400 1000

L L
B0OO 400

1000

X L L I
100 200 300 400 500 600 700

fime

fit), aity

fime
Graphs of f and g

| g is a component of f I

- L 1 L L L 1
[} 100 200 300 400 500 600
time

Function fg and ['f(Z)g(z)ds

1 L L L 1 L L 1 L L
100 200 300 400 S0 800 700 800 200 1000




Inner Products

)

Graph of f

a function, f I
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Inner Product of a Periodic Function
jL and a Sinusoid

A/2 A2

(f.g)= [ f@)sin(ze)ar| (1, g)= [ r(t)cos( t)ar

—A/2 —A/2
3 different
representations

A2

(f,g)= J-f(t) [cos(%Z t)— isin(%” t) dt

—A/2




lllustration of Decomposition

P3

ds




Decomposition

* Ortho-normal basis function

l, u,=u,

- | g [ e
I_m¢5(x,ul)¢$ (x,u,)dx {O, 0 £

o Forward Signal decomposition(Coefficient computation)
F(u) =< f(x),¢(x,u) >= [ f ()¢ (x,u)dlx

 |nverse Signal reconstruction

£(x)= _[F(u);ﬂ(x,u)du



Fourier Transform

« Basis function

Ax,u)=e’™, ye(—oo+o0)
 Forward Transform signal decomposition(Coefficient computation)
Fu)y=F{f (0} =] _f(x)e ™ dx

¢ |I’]VGI’SG TranSform Signal reconstruction
f(x)=F Y Fu))= r’ F(u)e’™ du



What if f(x) is real?

« Real world signals f(x) are usually real
« F(u) is still complex, but has special properties

F (u)=F(-u)
R(u)=R(—u), A(u) =A(-u), P(u) = P(—u) :even function
[(u)==I(-u),p(u)=—-¢(-u) :odd function

A

,/\x f/\ /-\\ / q f/\\
. x

VARV VIRV I




Anatomy of a Sinusoid

L NAG

period, 7

—

1/4  1sthe frequency of the sinusoid (Hz).

27 /A 1s the angular frequency (radians/s).




Fourier Transform of a Square
Wave
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Property of Fourier Transform

Duality f(t) & Fu)
F(t) & [t

Linearity
F{alﬁ(x)+a2f2(x)}=aIF{ﬁ(x)}+a2F{f2(x)}

Scall
9 Flaf (x)}=aF{f(x)}

Translation
flx—x,) & Fue ™, f(x)e*™ o Fu—u,)

convelution 11 ® g ()= [ f(x~ag(arda
f()®gx) & Fu)Gu)

We will review convolution later!



Two Dimension Fourier Transform

Basis functions

JRmux+2avy) _ €j2mx: J2avy

O(x,viu,v)=e e’ . u,ve (—Do,+oo).

Forward — Transform

Faum) =F(fe)=[ [ fexye @ axy
Inverse — Transform

fe,y)=F " {Fu,v))= J: J: F(u,v)e’?”™ "™ dudy

Property

— All the properties of 1D FT
applyto 2D FT



Separability of 2D FT and Separable
Signal

« Separability of 2D FT
EAfe )y =FAF{f, )y =FAF{f(x)}]

— where F,, F, are 1D FT along x and y.
— one can do 1DFT for each row of original image, then
1D FT along each column of resulting image

« Separable Signal
— fxy) = £, (X)1,(y)
- F(U,V) = FK(U)F}!(V)J
» where F(u) = F{f,(0)}, F,(u) = F,{f,(y)}

— For separable signal, one can simply compute two 1D
transforms!



Example 2

lxI€ x,lyI£y,

f<.x,y):{l’ =

0, otherwise

F(u,v)=4x,y,simc(2x,u)smc(2y,v)

2 : W0 N0 X0 0 S0 600 0 B 500 D

u

<



Fourier Transform: Scaling

f(x) Ir{ulﬂ
A K points /
M points = M points ——— “
fix)
| 2K points \[

——————— M points

M points ——— 1

f(ax) & 1/|a|F(u/a)

ab
cd

FIGURE 4.2 (a) A
discrete function
of M points, and
(b) its Fourier
spectrum. (c) A
discrete function
with twice the
number of
nonzero points,
and (d) its Fournier
spectrum.



Rotation

e Let x=rcosf, y=rsinf, u=pcosw, v=psinm.

« 2D FT in polar coordinate (r, 8) and (p, ©)
F(p’ ¢) _ J‘: J‘;Ef(r, g)e—jZ,‘z‘r(rcosépcns@Jﬁsinépsin@)rdrdg
= ([ £ (r.0)e 27 rdrd g

 Property
f(r,60+6,) < F(p,9+6)



Example of Rotation

] ()

Figure 140 Romionad properdes of the Fousier wagforsn: (u) o sinnple image; (B) specteny;
fi) rotated tnage; (d} reswliing spectrue,



Fourier Transform: Summary

et A/m) incorporates both cosine and sine series
coefficients, with the sine series distinguished by making it
the imaginary component:

F(m)=F - jF = j £(t)cos(mt)dt — j - j £(¢)sin(mt)dt

Let’s now allow f(%) range from -0 to o, we rewrite:

SO =F@) = | f(©)exp(-j2mut)dt

F(u) is called the Fourier Transform of f(t). We say that
f(?) lives In the “time domain,” and A(u) lives in the
“frequency domain.” v s called the frequency variable.



The Inverse Fourier Transform

We go from f(t) to F(u ) by Signal decomposition
Coefficient computation

~ ( . Fourier
SUO}=F= [ fOespCamnd | onsgorm

Given AHUw), f(t) can be obtained by the inverse

Fourier transform Signal reconstruction
oo Inverse

SUF @)= f(0)= [ F(u)exp(j2mu)du Fourier
0 Transform




Discrete Fourier Transform (DFT)

= A continuous function f(x) is discretized as:

U (o) S (X0 +A%), f(Xg +2A%),..., f (g + (N = 1)Ax);

{

I n T 2Ax)

------ J(xg + 38%)  fix, + (N - 1)Ax]




Discrete Fourier Transform (DFT)

+

Let x denote the discrete values (x=0,1,2,...,M-1), I.e.

J(x) = f (%, +xA4x)

U (x), f (g + Ax), f (g +24%),..., [ (%) +(M = 1) Ax);



Discrete Fourier Transform (DFT)

= The discrete Fourier transform pair that
applies to sampled functions Is given by:

F(u)= ﬁ Z_:f(x) exp(—j2mux/ M)

and

f(x)= MZ_:IF(M) exp(j2mux/ M)

Signal decomposition

Coefficient computation

u=0,1,2,...,M-1

Signal reconstruction

x=0,1,2,....M-1



2-D Discrete Fourier Transform

1 M-1N-1

F(u,v) =M—NZZf(x,y)eXp(—j27z(ux/M+vy/N))

u=0,12 .. M-1and v=01,2,... N-1

= In 2-D case, the DFT pair Is:

and:
M-1N-1

f(x,y)= ZZF(u,v)exp(j27z(ux/M +vy/N))
u=0 v=0

x=0,1,2,...M-1 and y=0,1,2,...,N-1



Polar Coordinate Representation of FT

= The Fourier transform of a real function is
generally complex and we use polar coordinates:

F(u,v)=R(u,v)+ j-1(u,v)
Il Polar coordinate
F(u,v) = |F (u,v)|exp(jg(u,v))
Magnitude:  |F(u,v)|=[R*(u,v)+ 1’ (u,v)]"*

I(u,v)
R(u,v) |

Phase: P(u,v) =tan™




Symmetry of FT for Real Image

+

= For real image f(x,y), FT is conjugate symmetric(Z

XK
F(u,v)= F*(—u,—v)

= The magnitude of FT Is symmetric:

‘F(u,v)‘ — ‘F(—u,—v)‘

e



Matlab’s fftshift and 1 fftshift

4

I I = ifftshift(J): S
Ior'igin | |

from FFT2
or ifftshift

I J(LR2]+1,LC21+1) > 1(1,1)

where [x] = Floor(x) = the largest integer smaller than x.



Brenda
附注
fftshift会将四个象限重新安排，使得零频点处于平面中央
得到傅里叶变换图之后，先将图向两个方向复制，取中间部分，得到对称性很好的图像


Matlab’s fftshift and 1 fftshift

+

J = ffeshift(l): B BE
1(1,1) > J (LR2J+1, LC2]+1) o #

1 = ifftshift(Jd): TBE EE
J (LR2]+1,LC21+1) - I (1,1) # o

where [x] = Floor(x) = the largest integer smaller than x.




FT of an Image
(Real + Imaginary)

F(u,v)= F (—u,—v) Re(u)=Re(-u), Im(u)=-Im(-u)



FT of an Image
(Magnitude + Phase)

REL NI

log{|F{Z}[*+1} LR

F(ua V) = I (—I/l, _V) AW =A(-u), @ (u)=-D(-u)


Brenda
附注
低频波幅值较大


For display,
the log of
the power
spectrum is
often used.

The Power Spectrum

(i)

¢ power spectrum of a signal 1s the square of
the magnitude of its Fourier Transform.

\I (u,v)\2 = | (u,v)l *(u,v)

=[Rel (u,v)+iIml (u,v)][Rel (u,v)—iIml (u,v)]
=|Rel (u,v)]2 +[Iml (u,v)]z.

At each location (u,v) 1t indicates the squared intensity of the
frequency component with period 4 =1/vu2+v2 and orientation

-1
0 = tan (V/u)- For display in Matlab:
PS = fftshift(2*log(abs(Fft2(1))+1));




Power Spectrum of an Image

= AR

v L

s mary L\
-h
. -

log{[F{Z}[*+1}



tude and Phase

ler Magni
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Fourier Magnitude
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. Which contains more B
visually relevant informa
magnitude or phase? .

R
T

original image Fourier log Fourier phase
magnitude



agnitude Only Reconstruction




10N

Phase Only Reconstruct




i DFT — Matlab demo

f = zeros(30,30);

f(5:24,13:17) = 1.00;
figure('Position’,[200 200 90 90]);
imshow(f, InitialMagnification’,'fit');

F = fft2(f);

F2=fftshift(F);

F3 = log(abs(F2)+0.0000001);
figure('Position’,[500 500 90 90]);
Imshow(F3,[-1 5],'InitialMagnification’,'fit");




i DFT Rebuild — Matlab demo

f = zeros(30,30);

f(5:24,13:17) = 1.00;
figure('Position’,[200 200 90 90]);
imshow(f, InitialMagnification’,'fit');
F = fft2(f);

rebuiltf=ifft2(F);
figure('Position’,[500 500 90 90]);
iImshow(rebuiltf,' InitialMagnification’, fit');




clear all;

close all;
a=imread('circles.png’);
b=double(a);
figure;imshow(b);

Fb = fft2(b);
rebuiltb=ifft2(Fb);
figure;imshow(rebuiltb);
rebuiltmb=ifft2(abs(Fb));
figure;imshow(rebuiltmb);
rebuiltpb=ifft2( Fb./(abs(Fb)+0.00000001) );
figure;imshow(rebuiltpb,[]);




DFT — Matlab demo

clear all;close all;
a=imread('‘cameraman.tif');b=im2double(a);
figure;imshow(b);

Fb = fft2(b); Fbshift=fftshift(Fb);
figure;imshow(log(abs(Fbshift)),[]);
figure;imshow(angle(Fbshift),[]);
rebuiltmb=ifft2(abs(Fb));
figure;imshow(rebuiltmb);
rebuiltpb=ifft2(Fb./abs(Fb));
figure;imshow(rebuiltpb,[]);




clear all;close all;
a=imread('‘cameraman.tif');b=im2double(a);
figure;imshow(b);

Fb = fft2(b);Fbshift=fftshift(Fb);
figure;imshow(log(abs(real(Fbshift))),[D;
figure;imshow(log(abs(imag(Fbshift))),[]);
rebuiltrb=ifft2(real(Fb));
figure;imshow(rebuiltrb,[]);
rebuiltib=ifft2(Fb-real(Fb));
figure;imshow(rebuiltib,[]);


Brenda
附注
左：只用实部重构
右：只用虚部重构
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